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Unification Types

Let P = (P, <) be a preorder.

A complete set for P is a set M C P such that:
(i) x| yforallx,y € Msuch thatx # y;
(ii) for every x € P there exists y € M such that x <.

The type of a preorder P is defined by:

0, if P has no complete set,
type(P) = { oo, if P has a complete set of infinite cardinality,
p, if P has a finite complete set of cardinality p.
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Symbolic Unification

Problem SYMBEQUNIE(V)
Instance A finite set E C Ty (1)
Solution ¢: {x1,...,x,} — Ty suchthatforallA €V,

AE N sC@), ... ¢x)) =HC(x), .-, C(xa)-

(s,t)EE
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Symbolic Unification

Problem SYMBEQUNIE(V)
Instance A finite set E C Ty (1)
Solution ¢: {x1,...,x,} — Ty suchthatforallA €V,

AE N sC@), ... ¢x)) =HC(x), .-, C(xa)-

(s,t)EE

Type typey, (E) = type(Uv (E)),
where preorder Uy (E) = (Uy(E), <) is defined by:

(i) Uv(E) ={¢ | ¢ solution to E};
(ii) ¢ < (yiff thereexists¢: Ty — Ty stforall A € V,

Al N @) =coG(x).

i€[n]
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Ghilardi Algebraic Unification

BACKGROUND

Problem ALGEQUNIE(V)
Instance A finitely presented algebra A € V.

Solution A o-homomorphism k: A — PP such that
P € V is finitely presented projective.
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Ghilardi Algebraic Unification

Problem ALGEQUNIE(V)
Instance A finitely presented algebra A € V.
Solution A o-homomorphism k: A — PP such that
P € V is finitely presented projective.
Type type,,(A) = type(Uy (4)),
where preorder Uy (A) = (Uy(A), <) is defined by:

(i) Uy(A) = {h | hsolution to A};
(ii) M < hy iff there exists o-hom f st iy = f o hy.
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Ghilardi Algebraic Unification

Theorem (Ghilardi [6])
IfE C Ty(n)* finitely presents A € V, then type,,(E) = type,,(A).
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Theorem (Ghilardi [6])
IfE C Ty(n)* finitely presents A € V, then type,,(E) = type,,(A).

Proof (Idea).

Using that ° € V is finitely presented projective iff
IP is a retract of Fy (n) for some n < w,
prove that Uy, (E) and Uy, (A) are equivalent categories. O



BACKGROUND CONTRIBUTION REFERENCES

Ghilardi Algebraic Unification

Theorem (Ghilardi [6])
IfE C Ty(n)* finitely presents A € V, then type,,(E) = type,,(A).

Proof (Idea).

Using that ° € V is finitely presented projective iff
IP is a retract of Fy (n) for some n < w,
prove that Uy, (E) and Uy, (A) are equivalent categories. O

Proof (Sketch).

For ¢: {x1,...,%a} — Ty (m) solution to E,

define uc : A — Fy(m) solution to A by uc([t]) = [((1)].

(i) For u: A — P any solution to A with g: P — Fy(l), f: Fy(l) — Pst
fog=idp, let ¢: {x1,...,x:} — Tv(m) be the solution to E st

g(u([xi])) = [¢(x)]- Prove that u < uc and u¢ < uin Uy (A).

(ii) Prove that ¢ < G in Uy (E) iff ue, < ug, in Uy (A). O
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Ghilardi Algebraic Unification

Figure: L € DL is finitely presented by E = {w VvV x =y Az},
then type,, .(E) = type,, . (LL).
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Features:
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Features:

(i) unification is defined in terms of the categorical notions of finite
presentation and projectivity, then the unification type is preserved
under categorical equivalence;



BACKGROUND CONTRIBUTION REFERENCES

Ghilardi Algebraic Unification

Features:

(i) unification is defined in terms of the categorical notions of finite
presentation and projectivity, then the unification type is preserved
under categorical equivalence;

(iii) for locally finite varieties with nice duality theorems, unification theory
can be developed in the combinatorial category dual to finite algebras
(in particular, the characterization of projective algebras).
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Distributive Lattices | (Dual) Unification

Theorem (Birkhoff [3] )

(i) Finite bounded distributive lattices and finite posets are dually equivalent
(via contravariant functors [pc and Dpr).

Fiqure: P = Jpz (L) and L = Dp.(P).
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Distributive Lattices | (Dual) Unification

Theorem (Birkhoff [3], Balbes and Horn [1])

(i) Finite bounded distributive lattices and finite posets are dually equivalent
(via contravariant functors [pc and Dpr).

(if) A finite bounded distributive lattice L is projective iff
Jor (L) is a finite nonempty lattice.

Figure: P = Jp, (L) and L = Dp.(P). L is not projective in DL.
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Distributive Lattices | (Dual) Unification

Problem EQUNIF(DL)
Instance A finite poset P = (P, <).

Solution A {<}-homomorphism u: L — P,
where L is a finite nonempty lattice.
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Distributive Lattices | (Dual) Unification

Problem EQUNIF(DL)
Instance A finite poset P = (P, <).
Solution A {<}-homomorphism u: L — P,
where L is a finite nonempty lattice.
Type typep.(P) = type(Upc(P)),
where preorder Up. (P) = (Up(P), <) is defined by:

(i) Upz(P) = {u | usolution to P};
(71) w1 < uy iff there exists {<}-hom f stu; = u of.
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Distributive Lattices | Unification Type Classification

Fact
P is a solvable instance of UNIF(DL) iff P # 0.

Theorem ([4])
Let P be a solvable instance of UNIF(DL). Then:

p, if every interval in P is a lattice,

typep,(P) = and P has exactly p maximal (wrt C) intervals;
0, otherwise.
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Classification | Proof Idea | Type p

Allintervals in P are lattices, P has p maximal intervals = type,, . (P) = p:
Y
u
L O - * P
u\\ /z
X

X

F igu;’e: For all unifiers u: L — P, there exists an inclusion map i of a maximal
interval [x,y] C P into P such that u <iin Up,(P).
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Classification | Proof Idea | Type O

There exists an interval in P that is not a lattice = type, . (P) = 0:

u;

G——
f\ /
u
L

Figure: For all i < w, uniformly construct a unifier u;: G; — P such that,
if the unifier u: L — P satisfies u; < u, then |L| > i.
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De Morgan Algebras [7]

An algebra A = (A, A, V,",0,1) is a De Morgan algebra if:
(1) (A,A,V,0,1)is a bounded distributive lattice;
(i) AEx=x";

(i) AE(xAy) =x"Vy'.

Theorem (Kalman [7])

A De Morgan algebra A is subdirectly irreducible iff A € {B, K, M}.

O O

@) © | -
© ©
K

B M

De Morgan varieties (B C K C M) are locally finite.
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Results

(i) Explicit characterization of injective objects in the combinatorial
categories dually equivalent to finite De Morgan and Kleene algebras

(key).
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Results

(i) Explicit characterization of injective objects in the combinatorial
categories dually equivalent to finite De Morgan and Kleene algebras
(key).

(ii) Complete classification of solvable instances to the (dual) De Morgan
and Kleene unification problems (using the characterization),

1, if the “core” of Q is injective;
type(Q) = { p < w, if the “core” of Q is “almost injective”;
0, otherwise.



BACKGROUND CONTRIBUTION

Finite De Morgan Algebras | Duality

Objects Finite De Morgan algebras A = (A, A, V,”,0,1).
Morphisms {A,V,",0,1}-homomorphisms.

Objects Finite involutive posets (fip’s), that is,
finite {<,’ }-structures P = (P, <,) such that,
(P, <) is a partial order,
PEx=x",andP = x < yimpliesy’ <x".

Morphisms {<,’ }-homomorphisms.

Theorem (Cornish and Fowler [5])
Finite De Morgan algebras and finite involutive posets
are dually equivalent (via contravariant functors [ a and D aq).
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Finite De Morgan Algebras | Duality

Figure: P = Jpm(A) and A = Dy (P).
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Finite De Morgan Algebras | Projective

BACKGROUND

Definition ([2])

For a cardinal &, a poset (Q, <) is k-complete if for all X C Q,
ifall Y C X such that |Y| < & have an upper bound,

then X has a least upper bound.

Theorem ([4])

A finite De Morgan algebra A is projective iff Jam(A) = (P, <, ) satisfies:
(M) (P, <) is a nonempty lattice;

(M) forallx € Pstx < x'thereexistsy € Pstx <y=y’;

(Ms) {x € P | x < x'} with inherited order is 3-complete.
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Finite De Morgan Algebras | Projective

Figure: P fails (M1), then D o((P) is not projective.
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Finite De Morgan Algebras | Projective

Figure: P fails (Ms), then D o((P) is not projective.
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De Morgan Algebras | Unification Core

Definition (De Morgan Unification Core)

The De Morgan unification core of the fip Q is the fip Qu = (Qum, <m, im) st:
(i) Qu={x,x € Q|y <zx,x forsomey,z € Qsuchthatz =z'};
(ii) x <p yiffx <yforallx,y € Qu;

(iii) im(x) = x" for all x € Q.

Lemma
Ifu: P — Qs a unifier for Q, then u(P) C Q.
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De Morgan Algebras | Unification Type Classification

Problem EQUNIF(M)
Instance A finite involutive poset Q = (Q, <, ).

Solution A {<,’ }-homomorphismu: P — Q,
where D o (P) is a finite projective De Morgan algebra.

Fact
Q is a solvable instance of EQUNIF(M) iff {x e Q | x =x"} £ 0.

Theorem ([4])
Let Q = (Q, <) be a solvable instance of UNIF(M). Then:

p, if every interval in Q, satisfies (M1), (Mz2), (M3),
type,,(Q) = and Qy, has exactly p maximal intervals;
0, otherwise.
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De Morgan Classification | Q = (M) Gadget

Figure: Q,, has poset Q (on the left). For i < w, construct u;: G; — Qq such
that, if the unifier u: L — P satisfies u; < u, then |L| > i (on the right, G3).
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De Morgan Classification | Q ~= (M) Gadget

Figure: Q,, has poset Q> (on the left). For i < w, construct u;: G; — Q; such
that, if the unifier u: L — P satisfies u; < u, then |L| > i (on the right, G3).
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De Morgan Classification | Q = (M3) Gadget

Figure: Q,, has poset Qs (on the left). For i < w, construct u;: G; — Qs such
that, if the unifier u: L — P satisfies u; < u, then |L| > i (on the right, Gy).
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Finite Kleene Algebras | Duality and Projective

Theorem (Cornish and Fowler [5])
Finite Kleene algebras and finite involutive posets st x < x" or x" < x (kfip’s)
are dually equivalent (via contravariant functors Jx and D).

Theorem ([4])
A finite Kleene algebra A is projective iff Jic(A) = (P, <,") satisfies:
(K1) {x € P | x < x'} with inherited order is a nonempty meet semilattice;

(Kz)
(M) forallx € Pstx < x'thereexistsy € Pstx <y=y’;
)

(M3

forall x,y € Pstx,y <y',x' thereexistsz € Pstx,y <z <z’;

{x € P | x < x'} with inherited order is 3-complete.
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Kleene Algebras | Unification Core

Definition (Kleene Unification Core)

The Kleene unification core of the kfip Q is the kfip Qx = (Qx, <k, i) st:
(i) Qe=4{x, ¥ € Q|x<z=2 forsomez e Q};
(ii) x <y yiff, x <y and either of the following three cases occurs:

) x<x'andy <y’;

) ¥’ <xandy' <y;

() x<z=2z <yforsomezc Q;

(i) ix(x) = x’ for all x € Q.

Lemma

(i) Ifu: P — Q unifies Q, then u(P) C Qr and u: P — Qy unifies Qy.
(i) Q satisfies (Kz2) and (My).
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Kleene Algebras | Unification Type Classification

Problem UNIF(K).
Instance A finite involutive poset Q = (Q, <,/ )stx < x’ orx’ < x.
Solution A homomorphismu: P — Q,

where D (P) is a finite projective Kleene algebra.

Fact
Q is a solvable instance of UNIF(K) iff {x € Q | x = x"} # 0.

Theorem ([4])
Let Q = (Q, <,") be a solvable instance of UNIF(K). Then:

p, if every interval in Qy satisfies (Ky) and (Ms),
type,(Q) = and Q. has exactly p maximal intervals;
0, otherwise.
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Thank you for your attention!
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