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Abstract. We present in this paper an axiomatization of the structure of finite or infinite
M-extended trees. This structure is an intuitive combination of the structure of finite or
infinite trees with another structure M and expresses semantically an extension to trees
of the model M. Having a structure M = (Das, Far, Rar), we define the structure of finite
or infinite M-extended trees Extyr = (D, F, R) whose domain D consists of trees labelled
by elements of Dy U F', where F is an infinite set of function symbols containing Fs and
another infinite set of function symbols disjoint from F)j;. For each n-ary function symbol
f € F, the operation f(ai,..,an) is evaluated in M and produces an element of Dy if
f € Fu and all the a; are elements of Dy, or is a tree whose root is labelled by f and
whose immediate children are a1, .., a, otherwise. The set of relations R contains Rj; and
another relation which distinguishes the elements of Djs from the others. Using a first-order
axiomatization T of M, we give a first-order axiomatization 7 of the structure Exztas and
show that if T is flexible then 7 is complete. The flexible theories are particular theories
whose function and relation symbols have some elegant properties which enable us to handle
formulae more easily.

1 Introduction

Recall that a tree built on a set F is essentially a hierarchized set of nodes labelled by the elements
of E. To each element e of E corresponds an operation f, called construction operation, which,
starting from a sequence aq, ..., a, of trees, builds the tree whose top node is labelled e and whose
sequence of immediate children is aq, ..., a,.

The algebra of finite or infinite trees plays a fundamental act in computer science: it is a
model for composed data known as record in Pascal or structure in C. The construction operation
corresponds to the creation of a new record, i.e. of a cell containing an elementary information
possibly followed by n cells, each one pointing to a record. Circuit of pointers correspond to infinite
trees.

As early as 1976, G. Huet proposed an algorithm for unifying infinite terms, that is solving
equations in that algebra [11]. B. Courcelle has studied the properties of infinite trees in the scope
of recursive program schemes [6]. A. Colmerauer has described the execution of Prolog II, III
and IV programs in terms of solving equations and disequations in that algebra [4,3,1]. The
unification of finite terms, i.e. solving conjunctions of equations in the theory of finite trees has
first been studied by A. Robinson [18]. Some better algorithms with better complexities has been
proposed after by M.S. Paterson and M.N.Wegman [16] and A. Martelli and U. Montanari [15].
Solving conjunctions of equations in the theory of infinite trees has been studied by G. Huet [11],
by A. Colmerauer [4] and by J. Jaffar [12]. Solving conjunctions of equations and disequations in
the theory of possibly infinite trees has been studied by A. Colmerauer [4] and H.J. Biirckert [2].
An incremental algorithm for solving conjunctions of equations and disequations on rational trees
has been proposed after by V.Ramachandran and P. Van Hentenryck [17]. On the other hand,
there exists a quantification elimination algorithm which transforms a first-order formula into a
boolean combination of simple ones. In the case of infinite trees with a finite set of function symbols
we can refer to the work of M.J. Maher [14] and H. Comon [5]. M.J. Maher has summarized all
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these cases and proposed a complete axiomatizations for different sets of trees equipped with
construction operations [14].

In this paper, we give and justify an axiomatization of the structure of finite or infinite M-
extended trees. This structure is an intuitive combination of the structure of trees with another
structure M and can be seen semantically as an extension to trees of the model M. Having a
structure M = (D, Far, Ryr) together with its domain Dy, its set of operations Fj; and its set
of relations Rjs, we define the M-extended trees structure Exty = (D, F, R) whose domain D
consists of trees labelled by elements of Dy, U F', where F' is an infinite set of function symbols
containing Fj; and another infinite set of function symbols disjoint from F;. For each n-ary
function f € F, the operation f(aq,...,ay) is evaluated in M and produces an element of D, if
f € Fy and all the a; are elements of D), or is a tree whose root is labelled by f and whose
immediate children are a,...,a, otherwise. The set of relations R is built essentialy from Rj,.
In the case where M is the set of rational numbers together with the operations of addition and
substraction and a linear dense order relation we can refer to Prolog III and IV whose execution
has been modelized by A. Colmerauer [4, 1] using this M-extended trees.

The paper is organized in four sections followed by a conclusion. This introduction is the
first section. In the second section we recall the Maher’s structure of finite or infinite trees and
introduce the M-extended trees structure for any model M. In the third section, we present our
general sufficient conditions for the completeness of any first-order theory. Then, having a first-
order axiomatization T of M, we give a first-order axiomatization 7 of finite or infinite M-extended
trees. Finally we present in the fourth section a new class of theories that we call flexible and show
that if T is flexible then 7 is complete. To show the completeness of 7 for any flexible theory
T we use the general sufficient conditions presented in the third section. The definition of the
M-extended trees, the axiomatization of 7, the definition of flexible theories and the proof of the
completeness of 7 for every flexible theory T are our main contribution in this paper.

2 Extension to trees of a model M

2.1 Finite or infinite trees

Let F' be an infinite set of function symbols and R be a set of relation symbols. To each element
of F'U R is associated an integer, its arity. The arities are non-negative for elements of F' and are
positive for elements of R. An n-ary symbol is a symbol with arity n. A constant is a 0-ary symbol.

Let N be a set of words of positive integers, including the empty word e. Let “.” denote
concatenation of word. A tree built on F is a mapping a : E — F, for some non-empty subset
E of N such that each element 4 ...4, (with & > 0) satisfies two conditions: (1) if & > 0 then
i1...9k—1 € F and (2) if a(iy...i) = f and f has arity n, then i;...ixix+1 € E if and only if
1 <igy1 < n.

The subtree of the tree a at n € E is the mapping o' : E/ — F where D' = {d|n.d € E} and
a'(d) = a(n.d).

The set of all trees built on F' is denoted A. To each n-ary function symbol f we associate a
function from A™ to A also denoted f such that f(a1,...,a,) = a where a(e¢) = f and a(i.d) = a;(d)
for 1 <i < n and d a node. These functions are called construction operations. The set of trees A
with these construction operations forms the trees structure or trees algebra.

2.2 Finite or infinite M-extended trees structure

We are given now once for all a structure M = (Dys, Far, Ryy) with its domain Dy, its set of
functions F); and its set of relations Rj;. Let F' be an infinite set of function symbols containing
the set Fj; and another infinite set of function symbols disjoint from F)j;. Let R be the set of
relation symbols Rys U {p}, with p a unary relation symbols which does not belong to Ry;. The
extension to trees of the model M, quite simply called M-extended trees model is the model
Exty = (D, F, R) defined as follows:
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— the domain D is the set of the trees built on F'U Dj; where each element f € F of arity n is
considered as a label of arity n and each element of D), is considered as a label of arity 0,

— to each m-ary element f of F' is associated a function f : D™ — D such that f(ay,..,a,) is
the result of f on (a1,..,ay,) in Dy, if f € Fpy and a; € D)y for all 4, and is the result of the
construction operation f on (a1, .., a,) otherwise,

— to each n-ary relation symbols 7 of R — {p} is associated the set rZ*' = M To the unary
relation symbols p is associated the set pP%t™ = D,,.

3 Theory of finite or infinite M-extended trees

Let V an infinite countable set of wvariables. A term is an expression of the form z or fty...t,
where n > 0, f an n-ary symbol in F' and the ¢;’s are shorter terms. A M -term is either a variable
or a term whose function symbols are elements of F;. A formula is an expression of the forms

s=t, rt1.tn, true, false, =(¢), (¢ A1), (¢ V), (p=1), (=), Jrp, Yao,

where z € V, s, t and the t;’s are terms, r is an n-ary relation symbol in R and ¢ and ¢ are
shorter formulae. Formulae of the first form are called equations and of the second form relations.
A M -equation is an equation of M-terms and a M -relation is a relation rt;...t,, with » € Ry; and
the ¢;’s M-terms.

An occurrence of a variable x in a formula is bound if it occurs in a sub-formula of the form
(Fzp) or (Vay). It is free otherwise. The free variables of a formula are those which have at least a
free occurrence in the formula. For each formula ¢, we denote by var(yp) the set of all free variables
of .

We call instantiation of a formula ¢ by individuals of Djs the obtained formula from ¢ in

which for each free variable x in ¢, we replace each free occurrence of x by the same individual i
of D]\/[.

3.1 Theory and complete theory

LetZ=x1...2, and § = y; . . . Yy, be two vectors of variables of the same length. Let ¢, ¢, ¢ and
©(Z) be formulae. We write

Az ¢ for 3xy...3x, @,

VI for Vzi..Vx, ¢,

31z () for VavVy (@) Ae(Y) = Nicqr,....ny Ti = Yis
Nz for (3z ) A (A?Z ).

Note that the formulae 37z and Jlep are respectively equivalent to true and to ¢ in any model
M. Theses quantifiers are just convenient notations and can be expressed in the first-order level.

Definition 3.1.1 Let ¥(u) be a set of formulas having at most u as a free variable. We write
M E Py o(x), iff for any instantiation 3z ¢’ (z) of Iz p(x) by individuals of Dps one of the
following properties holds:

— the set of the individuals i of Dy such that M 1= (i), is empty,
— for all finite sub-set {11 (u), .., ¥, (uw)} of elements of W(u), the set of the individuals i of Dy
such that M = ' (i) A Njeqr,.. .y ~%5(0) is infinite.

A theory is a set of propositions. We say that the model M is a model of T iff for each element
pof T, M | . If v is a formula, we write T' = ¢ iff for each model M of T, M = ¢. A theory
T is complete if for each proposition ¢, either T' = ¢ or T' = —p. A complete aziomatization of
a structure M is a recursive set T of propositions such that for each proposition ¢, T = ¢ iff

M = .

.....
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In what follows we use the abbreviation wnfv for “without new free variables”. By saying a
formula ¢ is equivalent to a wnfv formula ¢ in T we mean T = ¢ < 9 and ¢ does not contain
other free variables than those of ¢. The following theorem states general sufficient conditions for
the completeness of a theory T.

Theorem 3.1.2 [9, 10] A theory T is complete if there exists a set W(u) of formulas, having at
most u as free variable, a set A of formulas, closed under conjunction and renaming, a set A’ of
formulas of the form 3Ta with o € A, and a sub-set A” of A such that:

1. every flat atomic formula is equivalent in T to a wnfv Boolean combination of basic formulas
of the form 3Ta with o € A,

2. every formula without free variables of the form AZ'a’ A o' with 3T’/ € A’ and o/’ € A" is
equivalent either to false or to true in T,

3. every formula of the form Iz a A, with a € A and ¥ any formula, is equivalent in T to a
wnfv formula of the form:

37 o' A (3" " A B AD)),

with 3T’ o’ € A', o' € A", &/ € A and T E VT — 7",
4. 4f 37’a’ € A’ then T | 3T’ and for each free variable y in 3T'a/, at least one of the
following properties holds:
— T E Iz o,
— there exists ¥(u) € ¥(u) such that T = Vy (37" ') — ¥(y),
5. if o € A” then
— the formula =o' is equivalent in T to a wnfv formula of the form \/,c; c; with o; € A,
— for each ", the formula 3z o is equivalent in T to a wnfv formula which belongs to A",
— foreach 2", T = afﬁ;?x” a’.

3.2 Axiomatization of the structure of M-extended trees

M. Maher has introduced a complete axiomatization of the structure of finite or infinite trees built
on an infinite set F' [14]. The axiomatization is the set of propositions of the following forms:

L Vavy fz = fy— \; v = ui,
2 VavVy-fr =gy,
3 vz3lz /\z Z; = ti(Z, If),

where f,g € F, x, y, z are variables, T is vector of variables x;, § is vector of variables y;, Z is
vector of distinct variables z; and where ¢,(Z, z) is a term which begins by an element of F' followed
by variables taken from Z or Z.

The first axiom is called axiom of explosion, the second axiom of conflict of symbols and the
third axiom of unique solution.

Let T be an axiomatization of the structure M = (D, Fir, Rar). Using this axiomatization, let
us now define an axiomatization 7 of the structure of finite or infinite M-extended trees together
with the sets F' and R (defined in section 2.2) as function and relation symbols.

Definition 3.2.1 An axiomatization 7 of the structure of finite or infinite M-extended trees is
the set of propositions of the following forms where Z, § are vectors of variables x;, y;.

1. explosion: for each f € F

VZVy —-pfT A—pfy N fT = fyg— /\xz =y

7

2. conflict of symbols: for f and g distinct symbols in F'

VzVy fT = gy — pfT A pgy
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3. unique solution

VIVy (/\pxz) A (/\ —-py;) — 32 /\(pzz Az = tx(Z,7, 2))

J k

where Z is a vector of distinct variables z;, tx(Z, 7, Z) is a term expressed by a function symbol
fx followed by variables taken from Z, g, Z, moreover, if fi € Fyy, the term t4(Z, 9, Z) contains
at least one variable from ¢ or z

4. relations of Ry;: for each r € Ry,

VI rz — /\ px;
5. operations of F);: for each f € Fyy,
VI pfx < /\ pT;

(this axiom, in the case of f a constant in Fjs, becomes pf)
6. elements not in M: for each f € F' — Fyy,

VT —pfx

7. existence of at least one element satisfying p (only if Fj; does not contains 0-arity function
symbols):

dx pz,

8. the extension of axioms of T": all axioms obtained by the following transformation of an axiom
@ of T : While it is possible replace all sub-formula of ¢ which is of the form 3% 1, but not
of the form 3z (A px;) A, by 3T (A px;) A ¢ and all sub-formula of ¢ which is of the form
VZ 1, but not of the form Vz (A pxz;) — o', by VZ (A pzi) — .

Example 3.2.2 Let M be the structure of the rational numbers together with the operations of
addition, substraction and a linear dense order relation without endpoints. In this case D, is the
set of the rational numbers, Fiy = {+,—,0,1} and Ry = {<}. Let a be a positive integer and let
t1,...,t, be terms. Let us denote by:

— t1 < tg, the term < tyto, — 0tq, the term 0,

— t1 + t2, the term +11o, — aty, the term t1 + - -+ + ¢4,

— 1y + ty +t3, the term +t1 (+tat3), Y

— —aty, the term (—t) +--- + (—t1), — atheterm 1 +---+1.
—_———

a a
The axiomatization T of the structure M is of the form

7 Ver—x <,
1 VaVyx +y=1y+x, 8 VaVyVz(x < yANy<z)—x <z
2 VaVyVzo + (y+2) = (z+y) + z, 9 VaVy(z <yVz=yVy<uz),
3 Vex+0=rz, 10VaVyz <y — (Fzz < zAz<y),
4 Veax+ (—z)=0, 11Vz3Iyz <y,
5, Venr =0— 2 =0, 12VeJyy < z,
6, VeIyny =z, (n#0) BVeVyVze<y— (x+2<y+2),

140 < 1.
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Using the transformations of Definition 3.2.1, the axiomatization 7 of the M-extended trees
theory is of the form:

VaVy ((-p f2) A (-p f) A fE = [§) = Nz = i,
VIvy fr =gy — p fT Apgy,

VaVy (Nier pxi) A (Njes ~pyi) — (312 Npex (mP 2k A 2k = (2,9, 7)),
po,

pl,

VaVyzr <y — (pz Apy),

VaVypz +y < px Apy,

Vrp —x < puz,

VT -phz,

VaVy (pz Apy) — x+y=y+u,

VavVyVz (px ApyApz) —a+ (y+2)=(z+y) +2,
Vepr —z+ 0=z,

Vepr — z+ (—x) =0,

14, Vepzr — (nx =0 — z =0),

15, Vepz — IypyAny=z, (n#0)

16 Vezpzr — -z <z,

17 VaVyVzpaz ApyApz — (e <yAhy<z)—z<z),
18 VaVy(pz Apy)— (z<yVz=yVy<uz),

19 VaVy(pz Apy) — (z<y— (FzpzAhz<zAz<y)),
20 Vazpz — (Qypy Az <y),

21 Vepz — (3ypyAy<z),

22 VaVyVz(pz ApyApz)— (z<y—(z+z2<y+2z)),
23 0<1,

0 O Uik W

— = = = O
W N = O

where f and g are two distinct function symbols taken from F', h € F' — F);, x, y, z are variables,
T is a vector of variables z;, § is a vector of variables y;, Z is vector of distinct variables z; and
where t(Z, 7, Z) is a term which begins by a function symbol fi element of F followed by variables
taken from Z or § or z, moreover, if fi € Fys then t,(Z, 7, Z) contains at least a variable taken
from g or z. This theory has been used by A. Colmerauer to modelize the execution of Prolog III
and IV [4,1].

4 Completeness of T

We suppose that the variables of V' are ordered by a strict linear dense order relation denoted by
. We call leader of an M-equation « the greatest variable = of all variables in «, according to
the order >, such that M |= Jlza.

4.1 Flexible structure

The model M is called flexible if for each conjunction a of M-equations and each conjunction g
of M-relations:

1. « is equivalent in M either to false or to a wnfv conjunction o’ of M-equations whose each
element has a distinct leader which has one and only occurrence in ', and for all variable
z € var(a’) we have M = Jlzd/,

2. if 8 does not contain variables then M = 8 or M |= -0,

the formula —( is equivalent in M to a wnfv disjunction of M-equations and M-relations,

4. forallz eV

— the formula Jz 3 is equivalent in M either to false or to a quantifier free conjunction of
M-relations,

e
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— for all x € V and for all instantiation Jx 5'(x) of Jx B(x) by individuals of Dy, either
M |= —3xf'(x) or there exists an infinite set of individuals 7 of Dy such that M = 5'(4).

A theory T is called flexible iff all its models are flexible.
Property 4.1.1 If T is flexible then it is complete.

4.2 Blocks and solved blocks in T

Definition 4.2.1 A block is a conjunction a of formulae of the following forms:

true, false, px, —pz,

—x=y,x=fx1...xy, with f € F,

t1 = to ANy pri, where {x1,...,2,} is the set of variables which occur in the M -equation
t1 = ta,

— rty...t,, where r € Ry; and the t;’s are M-terms,

and such that « contains px or —px for each variable x € var(a). A relation block is a block
without equations. An equation block is a block without M -relations and where each variable has
an occurrence in at least one equation.

Definition 4.2.2 If a block o has a sub-formula of the form
n—1
To — to(l‘l) A T = tl(l’z) JANCERA Lp—1 = tn_l(:rn) A /\ -px;,
i=0
where ;11 has an occurrence in the term t;(x;41), then the variable x,, and the equation x,_1 =
tn—1(xy,) are called reachable from xg in «.

Property 4.2.3 Let o be a block. If all the variables of T are reachable in a from free variables
of Iza, then T |= Iz

Definition 4.2.4 A block « is called well-typed iff o does not contain sub-formulae of one of the
following forms:

— prA-pz,

— x=hyApz, with h € F — Fyy,

— x = fo AN pz, with fo a constant of Fy,

— X9 = f.’[:l.%‘n A —pxg A /\?le.%‘i7 with f € Fyy,

— x9 = fx1..xy Apxo A pxy, With f € F

— g =21 Apxo AP,

— Zo =21 A pZo A\ P,

— rty...t, A px; with r € Ry, and x; a variable which occurs in the M-relation rt;...t,.

Definition 4.2.5 Let t1 be a term. Let to and t3 be two M-terms. Let a be a well-typed equation
block. Fither x = t1 A —px is a sub-formula of a. In this case, x is called a-leader of the equation
xr =1t1. Else to =t3 A /\iGVar(tQItg) pi s a sub-formula of a. In this case, the greatest variable in
var(ty = t3) according to the order > such that T |= Iz te = ta AN pt is called a-leader
of the equation to = t3.

Definition 4.2.6 A block « is called solved block, iff:

1. « is well-typed and does not contain formulae of the form t1 =ty or rty..t, with r € Ry; and
the t;’s terms which does not contain variables,

. for each equation x =y in a, x >y,

. each equation in a has a distinct a-leader which does not occur in M -relations of «,

. if px and py are sub-formulas of a with x and y two a-leaders of two equations ay, as of «
then x & var(as),

5. for all variable © which occurs in an equation of a we have T = 7z

i€var(ta=ts)

N Lo o

Property 4.2.7 Let a be a solved equation block different from the formula false and let T be the
set of the a-leaders of the equations of a. We have T = I'za.

Property 4.2.8 If T is flexible then each block is equivalent in T to a solved block.
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4.3 Completeness of T
Theorem 4.3.1 If T is a flexible theory then T is complete.

We show this theorem using Theorem 3.1.2. The sets ¥(u), A, A’ and A” are chosen as follows:

— W(u) is the set of the formulae of the form Iyu = fy A ~pu, with f a non O-ary function
symbol taken from F.

— A is the set of blocks.

— A’ is the set of the formulae of the form 3z’a’, where:

e all the variables of Z’ are reachable in o’ from free variables of 3z’a/,

e o' is a solved equation block, different from the formula false, and where the order > is
such that all the variables of ' are greater than the free variables of 37'c/,

e all the equations of o’ of the form xg = fzi...x, with f € F — F); are reachable in o/
from free variables of 3z’a/,

e if the M-equation t; = t5 is a sub-formula of o then, each variable x; which occurs in it
is either a free variable of 3%’'a’ or reachable in o’ from free variables of 3z’a/,

N

— A" is the set of solved relation blocks.

5 Conclusion

We have defined in this paper the structure of the M-extended trees for any model M. This
structure can be considered as a combination of the structure of finite or infinite trees with the
structure M. Having an axiomatization T' of M we have given a first-order axiomatization 7 of
the M-extended trees structure and have shown that if T' is flexible then 7 is complete. To prove
the completeness in this case, we have used our general sufficient condition. From this condition
we can extract a general algorithm for solving first-order constraints in 7. Due to lack of space we
cannot present this algorithm in this paper. Just note that this algorithm uses the block defined in
our paper and transforms any formula ¢ in a particular formula 1 called solved formula equivalent
to ¢ in 7. In particular if ¢ has no free variables then 1) is either the formula true or the formula
false. The correctness of our algorithm is another proof of the completeness of 7 of each flexible
theory T.

There exists a lot real and practical problems which can be represented by full first-order
formulae on M-extended trees. We can site for example the works of A. Colmerauer [4, 1] who has
realized the execution of Prolog IIT and IV using the M-extended trees where M is the structure
of the rational numbers together with the operations of addition and substraction and linear dense
order relation.

On the other hand S. Vorobyov [19] have shown that the problem of deciding if a proposition
without free variables is true or not in the trees theory is non-elementary, i.e. the complexity of all
algorithm which solve it is not bounded by a tower of powers of 2’s (with a top down evaluation)
with a fixed height. A. Colmerauer and B. Dao [8,7] have also given a proof of non-elementary
complexity of solving constraints in the trees theory. Thus, it is normal that our sufficient condition
is complex and the properties of our blocks uses some nonclassical quantifiers. Nevertheless we
hope find some interesting class of complexities in the implementation of our algorithm as it has
been done in [8] in the theory of finite or infinite trees.

Actually we try to show the completeness of 7 where M is the structure of the real numbers
together with addition, substraction, multiplication and a linear dense order relation. We also
study the complexity and the expressiveness of the first-order constraints in 7 as it has done in
[7,8].
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