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Abstract. A recent framework of relativized hyperequivalence of programs of-
fers a unifying generalization of strong and uniform equivalence. It seems to be
especially well suited for applications in program optimization and modular pro-
gramming due to its flexibility that allows us to restrict, independently of each
other, the head and body alphabets in context programs. We study relativized
hyperequivalence for the three semantics of logic programs given by stable, sup-
ported and supported minimal models. For each semantics, we identify four types
of contexts, depending on whether the head and body alphabets are given directly
or as the complement of a given set. Hyperequivalence relative to contexts where
the head and body alphabets are specified directly has been studied before. In this
paper, we establish the complexity of deciding relativized hyperequivalence wrt
the three other types of context programs.

1 Introduction

We study variants of relativized hyperequivalence that are relevant for the development
and analysis of logic programs with modular structure. Our main results concern the
complexity of deciding relativized hyperequivalence for the three major semantics of
logic programs given by stable, supported and supported minimal models.

Logic programming with the semantics of stable models, nowadays often referred to
as answer-set programming, is a computational paradigm for knowledge representation,
as well as modeling and solving of constraint problems [1,2,3,4]. In recent years, it has
been steadily attracting more attention. One reason is that answer-set programming is
truly declarative. Unlike in, say, Prolog, the order of rules in programs and the order of
literals in rules have no effect on the meaning of the program. Secondly, the efficiency
of the latest tools for processing programs, especially solvers, reached the level that
makes it feasible to use them for problems of practical importance [5].

It is broadly recognized in software engineering that modular programs are easier
to design, analyze and implement. Hence, essentially all programming languages and
environments support the development of modular programs. Accordingly, there has
been much work recently to establish foundations of modular answer-set programming.
One line of investigations has focused on the notion of an answer-set program module
[6,7,8,9]. This work builds on ideas for compositional semantics of logic programs pro-
posed in [10] and encompasses earlier results on stratification and program splitting [11].

The other main line of research, to which our paper belongs, has centered on program
equivalence and, especially, on the concept of equivalence for substitution. Programs P
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and Q are equivalent for substitution wrt a class C of programs called contexts, if for
every context R ∈ C, P ∪ R and Q ∪ R have the same stable models. Thus, if a logic
program is the union of programs P and R, where R ∈ C, then P can be replaced with
Q, with the guarantee that the semantics is preserved no matter what R is (as long as
it is in C) precisely when P and Q are equivalent for substitution wrt C. If C contains
the empty program (which is typically the case), the equivalence for substitution wrt C
implies the standard equivalence under the stable-model semantics.1 The converse is not
true. We refer to these stronger forms of equivalence collectively as hyperequivalence.

Hyperequivalence wrt the class of all programs, known more commonly as strong
equivalence, was proposed and studied in [12]. That work prompted extensive inves-
tigations of the concept that resulted in new characterizations [13,14] and connections
to certain non-standard logics [15]. Hyperequivalence wrt contexts consisting of facts
was studied in [16,17]. This version of hyperequivalence, known as uniform equiva-
lence, appeared first in the database area in the setting of DATALOG and query equiva-
lence [18]. Hyperequivalence wrt contexts restricted to a given alphabet, or relativized
hyperequivalence, was proposed in [17,19]. It was generalized in [20] to allow contexts
that use (possibly) different alphabets for the heads and bodies of rules. The approach
offers a unifying framework for strong and uniform equivalence. Hyperequivalence, in
which one compares projections of answer sets on some designated sets of atoms rather
than entire answer sets was investigated in [21,22].

All those results concern the stable-model semantics of programs. There has been lit-
tle work on other semantics, with [23] long being a notable single exception. Recently
however, [24] introduced and investigated relativized hyperequivalence of programs un-
der the semantics of supported models [25] and supported minimal models, two other
major semantics of logic programs. [24] characterized these variants of hyperequiva-
lence and established the complexity of some associated decision problems.

In this paper, we continue research of relativized hyperequivalence under all three
major semantics of logic programs. As in [20,24], we focus on contexts of the form
HB(A, B), where HB(A, B) stands for the set of all programs that use elements from
A in the heads and atoms from B in the bodies of rules. Our main goal is to establish
the complexity of deciding whether two programs are hyperequivalent (relative to a
specified semantics) wrt HB(A, B). We consider the cases when A and B are either
specified directly or in terms of their complement. As we point out in the following
section, such contexts arise naturally when we design modular logic programs.

2 Motivation

In the paper we consider finite propositional programs only, all over a fixed countable
infinite set of atoms At . For a set of atoms X , we define Xc = At \ X .

A logic program is A-defining if it specifies the definitions of atoms in A. The defini-
tions may be recursive, they may involve interface atoms, that is, atoms defined in other
modules, as well as atoms used locally to represent some needed auxiliary concepts.
Let L be the set of local atoms, and let P be a particular logic program expressing the

1 Two programs are equivalent under the stable-model semantics if they have the same stable
models.
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definitions. For P to behave properly when combined with other programs, these “con-
text” programs must not have any occurrences of atoms from L and must have no atoms
from A in the heads of their rules. In our terminology, these are precisely programs in
HB((A ∪ L)c, Lc).2

The definitions of atoms in A can in general be captured by several different A-
defining programs. A key question concerning such programs is whether they are equiv-
alent. Clearly, two A-defining programs P and Q, both using atoms from L to represent
local auxiliary concepts, should be regarded as equivalent if they behave in the same
way in the context of any program from HB((A∪L)c, Lc). In other words, the notion of
equivalence that is appropriate in our setting is hyperequivalence wrt HB((A∪L)c, Lc)
under a selected semantics (stable, supported or supported-minimal).

Example 1. Let us assume that A = {a, b} and that c and d are interface atoms (atoms
defined elsewhere). We need a module that works as follows:

1. If c and d are both true, exactly one of a and b must be true
2. If c is true and d is false, only a must be true
3. If d is true and c is false, only b must be true
4. If c and d are both false, a and b must be false.

We point out that c and d may depend on a and b and so, in some cases the overall
program may have no models of a particular type (to be concrete, for a time being we
fix attention to stable models).

One way to express above conditions is by means of the following {a, b}-defining
program P (in this example we assume programs without local atoms, that is, L = ∅):

a ← c,not b; b ← d,not a.

Combining P with programs that specify facts: {c, d}, {c}, {d} and ∅, it is easy to see
that P behaves as required. For instance, P ∪ {c} has exactly one stable model {a, c}.

However, P may also be combined with more complex programs. For instance, let
us consider the program R = {c ← not d; d ← a,not c}. Here, d can only be true
if a is true and c is false. But then b must be true and a must be false, a contradiction.
Thus, d must be false and c must be true. According to the specifications, there should
be exactly one stable model for P ∪ R in this case: {a, c}. It is easy to verify that it is
indeed the case.

The specifications for a and b can also be expressed by other {a, b}-defining pro-
grams, in particular, by the following program Q:

a ← c, d,not b; b ← c, d,not a; a ← c,not d; b ← d,not c.

The question arises whether Q behaves in the same way as P relative to programs from
HB({a, b}c, ∅c) = HB({a, b}c,At). For all contexts considered earlier, it is the case.
However, in general, it is not so. For instance, if R = {c ← ; d ← a} then, {a, c, d} is
a stable model of P ∪ R, while Q ∪ R has no stable models. Thus, P and Q cannot be
viewed as equivalent {a, b}-defining programs. �

A similar scenario is as follows: We call a program A-completing if it completes partial
and non-recursive definitions of atoms in A given elsewhere in the overall program

2 A-defining programs were introduced in [26]. However, that work considered more restricted
classes of programs with which A-defining programs could be combined.
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(which, for instance, might specify the base conditions for a recursive definition of
atoms in A). Assuming that P is an implementation of such a module (again with L as
a set of local atoms), P can be combined with any program R that has no occurrences
of atoms from L and no occurrences of atoms from A in the bodies of its rules. This is
precisely the class HB(Lc, (A ∪ L)c).

One can also construct scenarios that give rise to hyperequivalence wrt context
classes HB(A, B), where A or B is specified directly. Thus, hyperequivalence wrt con-
text classes HB(A, B), where each of A and B is specified directly or in terms of its
complement is of interest. Our goal is to study the complexity of deciding whether two
programs are hyperequivalent relative to such classes of contexts.

3 Technical Preliminaries

Basic logic programming notation and definitions. Disjunctive logic programs (pro-
grams, for short) are sets of (program) rules — expressions of the form

a1| . . . |ak ← b1, . . . , bm,not c1, . . . ,not cn, (1)

where ai, bi and ci are atoms in At , ‘|’ stands for the disjunction, ‘,’ stands for the
conjunction, and not is the default negation. If k = 0, the rule is a constraint. If k ≤ 1,
the rule is normal. Programs consisting of normal rules are called normal.

We often write the rule (1) as H ← B+,not B−, where H = {a1, . . . , ak}, B+ =
{b1, . . . , bm} and B− = {c1, . . . , cn}. We call H the head of the rule, and the con-
junction B+,not B−, the body of the rule. The sets B+ and B− form the positive and
negative body of the rule. Given a rule r, we write H(r), B(r), B+(r) and B−(r) to
denote the head, the body, the positive body and the negative body of r, respectively.
For a program P , we set H (P ) =

⋃
r∈P H(r), and B±(P ) =

⋃
r∈P B+(r) ∪ B−(r).

For an interpretation M ⊆ At and a rule r, we define entailments M |= B(r),
M |= H(r) and M |= r in the standard way. An interpretation M ⊆ At is a model of
a program P (M |= P ), if M |= r for every r ∈ P .

The reduct of a disjunctive logic program P wrt a set M of atoms, denoted by PM ,
is the program {H (r) ← B+(r) | r ∈ P, M ∩ B−(r) = ∅}. A set M of atoms is a
stable model of P if M is a minimal model (wrt inclusion) of PM .

If a set M of atoms is a minimal hitting set of {H (r) | r ∈ P, M |= B(r)}, then M is
a supported model of P . M is a supported minimal model of P if it is a supported model
of P and a minimal model of P . We recall that each stable model is also supported, but
(generally) not vice versa. Supported models of a normal logic program P have a useful
characterization in terms of the (partial) one-step provability operator TP , defined as
follows. For M ⊆ At , if there is a constraint r ∈ P such that M |= B(r) (that is,
M 	|= r), then TP (M) is undefined. Otherwise, TP (M) =

⋃
{H (r) | r ∈ P, M |=

B(r)}. Whenever we use TP (M) in a relation such as (proper) inclusion, equality or
inequality, we always implicitly assume that TP (M) is defined.

It is well known that M is a model of P if and only if TP (M) ⊆ M (that is, TP is
defined for M and satisfies TP (M) ⊆ M ). Similarly, M is a supported model of P if
TP (M) = M (that is, TP is defined for M and satisfies TP (M) = M ) [27].

For a rule r = a1| . . . |ak ← B , where k ≥ 1, a shift of r is a normal program rule
of the form
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ai ← B ,not a1, . . . ,not ai−1,not ai+1, . . . ,not ak,

where i = 1, . . . , k. If r is normal, the only shift of r is r itself. A program consisting of
all shifts of rules in a program P is the shift of P . We denote it by sh(P ). It is evident
that a set M of atoms is a (minimal) model of P if and only if M is a (minimal) model
of sh(P ). It is easy to check that M is a supported (minimal) model of P if and only if
it is a supported (minimal) model of sh(P ). Moreover, M is a supported model of P if
and only if Tsh(P )(M) = M . Thus, in all results concerning supported models, we will
use implicitly the shift of programs involved (see also [24] for further details).

Characterizations of hyperequivalence of programs. Let C be a class of (disjunctive)
logic programs. Programs P and Q are supp-equivalent (suppmin-equivalent, stable-
equivalent, respectively) relative to C if for every program R ∈ C, P ∪ R and Q ∪ R
have the same supported (supported minimal, stable, respectively) models.

In this paper, we are interested in equivalence of all three types relative to classes of
programs defined by the head and body alphabets. Let A, B ⊆ At . By HB(A, B) we
denote the class of all programs P such that H (P ) ⊆ A and B±(P ) ⊆ B. Hence, the
empty program is contained in any such HB(A, B).

For supp-equivalence and suppmin-equivalence, we need the following concept in-
troduced in [24]. Given a program P , and a set A ⊆ At , we define

ModA(P ) = {Y ⊆ At | Y |= P and Y \ TP (Y ) ⊆ A}.

Theorem 1. Let P and Q be programs, A ⊆ At , and C a class of programs such that
HB(A, ∅) ⊆ C ⊆ HB(A,At). Then, P and Q are supp-equivalent relative to C if and
only if ModA(P ) = ModA(Q) and for every Y ∈ ModA(P ), TP (Y ) = TQ(Y ).

To characterize suppmin-equivalence, we use the set ModB
A(P ) (following [24]), which

consists of all pairs (X, Y ) such that

1. Y ∈ ModA(P )
2. X ⊆ Y |A∪B

3. for each Z ⊂ Y such that Z|A∪B = Y |A∪B , Z 	|= P
4. for each Z ⊂ Y such that Z|B = X |B and Z|A ⊇ X |A, Z 	|= P
5. if X |B = Y |B , then Y \ TP (Y ) ⊆ X .

Theorem 2. Let A, B ⊆ At and let P, Q be programs. Then, P and Q are suppmin-
equivalent relative to HB(A, B) if and only if ModB

A(P ) = ModB
A(Q) and for every

(X, Y ) ∈ ModB
A(P ), TP (Y )|B = TQ(Y )|B .

Relativized stable-equivalence of programs was characterized in [20]. We define
SEB

A(P ) to consist of all pairs (X, Y ) such that:3

1. Y |= P
2. X = Y or jointly X ⊆ Y |A∪B and X |A ⊂ Y |A
3. for each Z ⊂ Y such that Z|A = Y |A, Z 	|= PY

4. for each Z ⊂ Y such that Z|B ⊆ X |B , Z|A ⊇ X |A, and either Z|B ⊂ X |B or
Z|A ⊃ X |A, Z 	|= PY

5. there is Z ⊆ Y such that X |A∪B = Z|A∪B and Z |= PY .

3 We use a slightly different presentation than [20].
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Theorem 3. Let A, B ⊆ At and let P, Q be programs. Then, P and Q are stable-
equivalent relative to HB(A, B) if and only if SEB

A(P ) = SEB
A(Q).

Decision problems. We study problems of deciding hyperequivalence relative to
program classes HB(A′, B′), where A′ and B′ stand either for finite sets or for comple-
ments of finite sets. In the former case, the set is given directly. In the latter, it is spec-
ified by its finite complement (the set itself is infinite). Thus, we obtain the classes of
direct-direct, direct-complement, complement-direct and complement-complement de-
cision problems. We denote them using strings of the form SEMδ,ε(α, β), where (1) SEM

stands for SUPP, SUPPMIN or STABLE and identifies the semantics relative to which we
define hyperequivalence; (2) δ and ε stand for d or c (direct and complement, respec-
tively), and specify one of the four classes of problems mentioned above; (3) α is either
· or A, where A ⊆ At is finite. If α = A, then α specifies a fixed alphabet for the heads
of rules in contexts: either A or the complement Ac of A, depending on whether δ = d
or c. The parameter does not belong to and does not vary with input. If α = ·, then
the specification A of the head alphabet is part of the input and defines it as A or Ac,
again according to δ; (4) β is either · or B, where B ⊆ At is finite. It obeys the same
conventions as α but defines the body alphabet according to the value of ε.

For instance, SUPPMINd,c(A, ·), where A ⊆ At is finite, stands for the following
problem: given programs P and Q, and a set B, decide whether P and Q are suppmin-
equivalent wrt HB(A, Bc). With some abuse of notation, we often talk about “the prob-
lem SEMδ,ε(A, B)” as a shorthand for “an arbitrary problem of the form SEMδ,ε(A, B)
with fixed finite sets A and B”; likewise we do so for SEMδ,ε(·, B) and SEMδ,ε(A, ·).

As we noted, for supp- and suppmin-equivalence, there is no difference between
normal and disjunctive programs. For stable-equivalence, allowing disjunctions in the
heads of rules affects the complexity. Thus, in the case of stable-equivalence, we distin-
guish versions of the problems STABLEδ,ε(α, β), where the input programs are normal.4

We denote these problems by STABLEn
δ,ε(α, β).

Direct-direct problems for the semantics of supported and supported minimal mod-
els were considered in [24] and their complexity was fully determined there. The com-
plexity of problems STABLEd,d(·, ·), was established in [20], and problems similar to
STABLEc,c(A, A) were already studied in [17]. In this paper, we complete the results
on the complexity of problems SEMδ,ε(α, β) for all three semantics. In particular, we
establish the complexity of the problems with at least one of δ and ε being equal to c.

The complexity of problems involving the complement of A or B is not a straightfor-
ward consequence of the results on direct-direct problems. In the direct-direct problems,
the class of context programs is essentially finite, as the head and body alphabets for
rules are finite. It is no longer the case for the three remaining problems, where at least
one of the alphabets is infinite and so, the class of contexts is infinite, as well.

Finally, we note that when we change A or B to · in the problem specification, the
resulting problem is at least as hard as the original one. Indeed for each such pair of
problems, there are some straightforward reductions from one to the other. We illustrate
these relationships in Figure 1.

4 We can also restrict the programs used as contexts to normal ones, since this makes no differ-
ence, cf. [20].
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Fig. 1. A simple comparison of the hardness of problems

4 Supp-Equivalence

As the alphabet for the bodies of context programs plays no role in supp-equivalence
(cf. Theorem 1), the complexity of SUPPd,c(A, β) and SUPPd,c(·, β) is already solved (β
is · or a set B of atoms) by the complexity of the corresponding direct-direct problems
which have been shown coNP-complete in [24]. It remains to consider SUPPc,d(A, β)
and SUPPc,d(·, β) (which coincide with SUPPc,c(A, β), and respectively, SUPPc,c(·, β)).

First, we prove an upper bound on the complexity of the problem SUPPc,d(·, ·).

Theorem 4. The problem SUPPc,d(·, ·) is in the class coNP.

Proof: It is sufficient to show that SUPPc,d(·, ∅) is in coNP, since (P, Q, A) is a YES
instance of SUPPc,d(·, ∅) if and only if (P, Q, A, B) is a YES instance of SUPPc,d(·, ·).

Let Y ′ = Y ∩ (At(P ) ∪ A). We will show that Y ∈ ModAc(P ) if and only if
Y ′ ∈ ModAc(P ). First, we note that TP (Y ) = TP (Y ′). If Y ∈ ModAc(P ), then
Y |= P and Y \ TP (Y ) ⊆ Ac. The former property implies that Y ′ |= P . Since
Y ′\TP (Y ′) = Y ′\TP (Y ) ⊆ Y \TP (Y ), the latter one implies that Y ′\TP (Y ′) ⊆ Ac.
Thus, Y ′ ∈ ModAc(P ).

Conversely, let Y ′ ∈ ModAc(P ). Then Y ′ |= P and, consequently, Y |= P . More-
over, we also have Y ′ \ TP (Y ′) ⊆ Ac. Let y ∈ Y \ TP (Y ). If y /∈ Y ′, then y /∈ A, that
is, y ∈ Ac. If y ∈ Y ′, then y ∈ Y ′ \ TP (Y ′) (we recall that TP (Y ) = TP (Y ′)). Hence,
y ∈ Ac in this case, too. It follows that Y \ TP (Y ) ⊆ Ac and so, Y ∈ ModAc(P ).

Next, we prove that ModAc(P ) 	= ModAc(Q) or, for some Y ∈ ModAc(P ),
TP (Y ) 	= TQ(Y ) if and only if there is Y ′ ⊆ At(P ∪ Q) ∪ A such that Y ′ belongs
to exactly one of ModAc(P ) and ModAc(Q), or Y ′ belongs to both ModAc(P ) and
ModAc(Q) and TP (Y ′) 	= TQ(Y ′). Clearly, we need to prove the “only-if” implication.
To this end, we note that if ModAc(P ) 	= ModAc(Q), then by the observation proved
above, there is Y ′ ⊆ At(P ∪Q)∪A with that property. Thus, assume that ModAc(P ) =
ModAc(Q). If for some Y ∈ ModAc(P ), TP (Y ) 	= TQ(Y ) then, Y belongs to both
ModAc(P ) and ModAc(Q). By the argument given above, Y ′ = Y ∩ (At(P ∪Q)∪A)
belongs to both ModAc(P ) and ModAc(Q), and TP (Y ′) 	= TQ(Y ′).

Thus, to decide the complementary problem, we nondeterministically guess Y ⊆
At(P ∪Q)∪A, and verify that Y belongs to exactly one of ModAc(P ) and ModAc(Q),
or that Y belongs to ModAc(P ) and ModAc(Q), and that TP (Y ) 	= TQ(Y ).

Checking Y |= P and Y |= Q can be done in polynomial time. Similarly, for R = P
or Q, Y \TR(Y ) ⊆ Ac if and only if (Y \TR(Y ))∩A = ∅. Thus, checking Y \TR(Y ) ⊆
Ac can be done in polynomial time, too, and so the algorithm is polynomial. Hence, the
complementary problem is in NP, which implies the assertion. �

For the lower bound we use the problem SUPPc,d(A, B).
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Theorem 5. The problem SUPPc,d(A, B) is coNP-hard.

Proof: Let us consider a CNF ϕ, let Y be the set of atoms in ϕ, and let Y ′ = {y′ | y ∈
Y } be a set of new atoms. We define

P (ϕ) = {y ← not y′; y′ ← not y | y ∈ Y } ∪ {← ĉ | c is a clause in ϕ}

where, for each clause c ∈ ϕ, say c = y1 ∨ · · · ∨ yk ∨¬yk+1 ∨ · · · ∨ ¬ym, ĉ denotes the
the sequence y′

1, . . . , y
′
k, yk+1, . . . , ym. To simplify the notation, we write P for P (ϕ).

One can check that ϕ has a model if and only if P has a model. Moreover, for every
model M of P such that M ⊆ At(P ), M is a supported model of P and, consequently,
satisfies M = TP (M).

Next, let Q consist of f and ← f . As Q has no models, Theorem 1 implies that Q
is supp-equivalent to P relative to HB(Ac, B) if and only if ModAc(P ) = ∅. If M ∈
ModAc(P ), then there is M ′ ⊆ At(P ) such that M ′ ∈ ModAc(P ). Since every model
M ′ of P such that M ′ ⊆ At(P ) satisfies M ′ = TP (M ′), it follows that ModAc(P ) =
∅ if and only if P has no models. Thus, ϕ is unsatisfiable if and only if Q is supp-
equivalent to P relative to HB(Ac, B), and the assertion follows. �

We combine Theorems 4 and 5 via the relations depicted in Figure 1 and obtain:

Corollary 1. The problem SUPPδ,ε(α, β) is coNP-complete, for any combination of
δ, ε ∈ {c, d}, α ∈ {A, ·}, β ∈ {B, ·}.

5 Suppmin-Equivalence

In this section, we establish the complexity for direct-complement, complement-direct
and complement-complement problems of deciding suppmin-equivalence. The com-
plexity of direct-direct problems was determined in [24].

Upper bounds. The argument consists of a series of auxiliary results. Due to space
restrictions, we omit some of the proofs. The first two lemmas are concerned with the
basic problem of deciding whether (X, Y ) ∈ ModB′

A′ (P ), where A′ and B′ stand for A
or Ac and B or Bc, respectively.

Lemma 1. The following problems are in the class coNP: Given a program P , and sets
X , Y , A, and B, decide whether (i) (X, Y ) ∈ ModB

Ac(P ); (ii) (X, Y ) ∈ ModBc

A (P );
(iii) (X, Y ) ∈ ModBc

Ac (P ).

Proof: We first show that the complementary problem to decide whether (X, Y ) /∈
ModB

Ac(P ) is in NP. To this end, we observe that (X, Y ) /∈ ModB
Ac(P ) if and only if at

least one of the following conditions holds: (1) Y /∈ ModAc(P ), (2) X 	⊆ Y |Ac∪B (3)
there is Z ⊂ Y such that Z|Ac∪B = Y |Ac∪B and Z |= P , (4) there is Z ⊂ Y such that
Z|B = X |B, Z|Ac ⊇ X |Ac and Z |= P , (5) X |B = Y |B and Y \ TP (Y ) 	⊆ X . We
note that verifying any condition involving Ac can be reformulated in terms of A. For
instance, for every set V , we have V |Ac = V \A, and V ⊆ Ac if and only if V ∩A = ∅.
Thus, the conditions (1), (2) and (5) can be decided in polynomial time. Conditions (3)
and (4) can be decided by a nondeterministic polynomial time algorithm. Indeed, once
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we nondeterministically guess Z , all other tests can be decided in polynomial time. The
proofs for the remaining two claims use the same ideas and differ only in technical
details depending on which of A and B is subject to the complement operation. �

Lemma 2. For every finite set B ⊆ At , the following problems are in the class Pol:
given a program P , and sets X , Y and A, decide whether (i) (X, Y ) ∈ ModBc

Ac (P );
(ii) (X, Y ) ∈ ModBc

A (P ).

Proof: In each case, the argument follows the same lines as that for Lemma 1. The
difference is in the case of the conditions (3) and (4). Under the assumptions of this
lemma, they can be decided in deterministic polynomial time. Indeed, let us note that
there are no more than 2|B| sets Z such that Z|Ac∪Bc = Y |Ac∪Bc (or, for the second
problem, such that Z|A∪Bc = Y |A∪Bc). Since B is finite and fixed, the condition (3)
can be checked in polynomial time by a simple enumeration of all possible sets Z such
that Z ⊂ Y and Z|Ac∪Bc = Y |Ac∪Bc and checking for each of them whether Z |= P .
For the condition (4), the argument is similar. Since Z is constrained by Z|Bc = X |Bc ,
there are no more than 2|B| possible candidate sets Z to consider in this case, too. �

The role of the next lemma is to show that (X, Y ) ∈ ModB
A(P ) implies constraints on

X and Y .

Lemma 3. Let P be a program and A, B ⊆ At . If (X, Y ) ∈ ModB
A(P ) then X ⊆

Y ⊆ At(P ) ∪ A.

Lemma 3 is too weak for the membership results for complement-direct and comple-
ment-complement problems, as for these two types of problems, it only limits Y to
subsets of At(P ) ∪ Ac, which is infinite. To handle these two classes of problems we
use the following lemma that can be derived from Theorem 2.

Lemma 4. Let P, Q be programs and A, B ⊆ At . If (X, Y ) ∈ ModB
Ac(P )\ModB

Ac(Q)
then there is (X ′, Y ′) ∈ ModB

Ac(P ) \ ModB
Ac(Q) such that Y ′ ⊆ At(P ∪ Q) ∪ A. If

(X, Y ) ∈ ModB
Ac(P ) and TP (Y )|B 	= TQ(Y )|B , then there is (X ′, Y ′) ∈ ModB

Ac(P )
such that TP (Y ′)|B 	= TQ(Y ′)|B and Y ′ ⊆ At(P ∪ Q) ∪ A.

Theorem 6. The following problems are contained in the class ΠP
2 : SUPPMINc,d(·, ·),

SUPPMINc,c(·, ·) and SUPPMINd,c(·, ·). The following problems are in the class coNP:
SUPPMINd,c(·, B), SUPPMINc,c(·, B), SUPPMINc,c(∅, ·) and SUPPMINc,d(∅, ·).

Proof: We provide a detailed argument for the problem SUPPMINc,d(·, ·). Clearly, P and
Q are not suppmin-equivalent relative to HB(Ac, B) if and only if there is (X, Y ) ∈
ModB

Ac(P ) ÷ ModB
Ac(Q), or (X, Y ) ∈ ModB

Ac(P ) and TP (Y )|B 	= TQ(Y )|B . By
Lemma 4, P and Q are not suppmin-equivalent relative to HB(Ac, B) if and only if
there is (X, Y ) such that X ⊆ Y ⊆ At(P ∪ Q) ∪ A and (X, Y ) ∈ ModB

Ac(P ) ÷
ModB

Ac(Q), or (X, Y ) ∈ ModB
Ac(P ) and TP (Y )|B 	= TQ(Y )|B .

Thus, to decide the complementary problem, it suffices to guess X, Y ⊆ At(P ∪
Q) ∪ A and check that (X, Y ) ∈ ModB

Ac(P ) ÷ ModB
Ac(Q), or that (X, Y ) is in both

sets and TP (Y )|B 	= TQ(Y )|B . The first task can be decided by NP oracles (Lemma
1(i)) and testing TP (Y )|B 	= TQ(Y )|B can be accomplished in polynomial time.
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The remaining arguments are similar. The only differences are: For SUPPMINd,c(·, ·)
and SUPPMINd,c(·, B) we use Lemma 3 to ensure that the decision algorithm can restrict
in the guessing phase to pairs (X, Y ) with Y ⊆ At(P ∪ Q) ∪ A; for SUPPMINd,c(·, ·)
and SUPPMINc,c(·, ·), we use Lemma 1(ii)-(iii); to obtain a stronger upper bound for
SUPPMINd,c(·, B) and SUPPMINc,c(·, B), we make use of Lemma 2. The result for
SUPPMINc,d(∅, ·) was settled in [24] (although not directly, the case of SUPPMINc,c(∅, ·)
follows also from [24]; we provide details in the full version). For problems involving
Bc, we test TP (Y )|Bc = TQ(Y )|Bc by comparing TP (Y ) \ B and TQ(Y ) \ B. �

Suppmin-equivalence — lower bounds and exact complexity results. To illustrate
methods we use to obtain our results, we will provide full details for the case of direct-
complement problems. For the other two types of problems, we only state the results.

Theorem 7. The problem SUPPMINd,c(A, ·) is ΠP
2 -hard.

Proof: Let ∀Y ∃Xϕ be a QBF, where ϕ is a CNF formula over X ∪ Y . We can assume
that A ∩ X = ∅ (if not, variables in X can be renamed). Next, we can assume that
A ⊆ Y (if not, add “dummy” tautology clauses to ϕ). We will construct programs
P (ϕ) and Q(ϕ), and a set B, so that ∀Y ∃Xϕ is true if and only if P (ϕ) and Q(ϕ)
are suppmin-equivalent relative to HB(A, Bc). Since the problem to decide whether a
given QBF ∀Y ∃Xϕ is true is ΠP

2 -complete, the assertion will follow.
For every atom z ∈ X∪Y , we introduce a fresh atom z′. Given a set of “non-primed”

atoms Z , we define Z ′ = {z′ | z ∈ Z}. In particular, A ∩ (Y ′ ∪ X ′) = ∅. We use ĉ as
in the proof of Theorem 5 and define the following programs:

P (ϕ) = {z ← not z′; z′ ← not z | z ∈ X ∪ Y } ∪ {← y, y′ | y ∈ Y } ∪
{x ← u, u′; x′ ← u, u′ | x, u ∈ X} ∪
{x ← ĉ; x′ ← ĉ | x ∈ X, c is a clause in ϕ};

Q(ϕ) = {z ← not z′; z′ ← not z | z ∈ X ∪ Y } ∪ {← z, z′ | z ∈ X ∪ Y } ∪
{← ĉ | c is a clause in ϕ}.

To simplify notation, from now on we write P for P (ϕ) and Q for Q(ϕ). We also define
B = X ∪ X ′ ∪ Y ∪ Y ′. We observe that At(P ) = At(Q) = B.

One can check that the models of Q contained in B are sets of type

1. I ∪ (Y \ I)′ ∪ J ∪ (X \ J)′, where J ⊆ X , I ⊆ Y and I ∪ J |= ϕ.

Each model of Q is also a model of P but P has additional models contained in B, viz.

2. I ∪ (Y \ I)′ ∪ X ∪ X ′, for each I ⊆ Y .

Clearly, for each model M of Q such that M ⊆ B, TQ(M) = M . Similarly, for each
model M of P such that M ⊆ B, TP (M) = M .

From these comments, it follows that for every model M of Q (resp. P ), TQ(M) =
M ∩ B (resp. TP (M) = M ∩ B). Thus, for every model M of both P and Q,
TQ(M)|Bc = TP (M)|Bc . It follows that P and Q are suppmin-equivalent with re-
spect to HB(A, Bc) if and only if ModBc

A (P ) = ModBc

A (Q) (indeed, we recall that if
(N, M) ∈ ModBc

A (R) then M is a model of R).
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Let us assume that ∀Y ∃Xϕ is false. Hence, there exists an assignment I ⊆ Y to
atoms Y such that for every J ⊆ X , I ∪ J 	|= ϕ. Let N = I ∪ (Y \ I)′ ∪ X ∪ X ′. We
will show that (N |A∪Bc , N) ∈ ModBc

A (P ).
Since N is a supported model of P , N ∈ ModA(P ). The requirement (2) for

(N |A∪Bc , N) ∈ ModBc

A (P ) is evident. The requirement (5) holds, since N \TP (N) =
∅. By the property of I , N is a minimal model of P . Thus, the requirements (3) and
(4) hold, too. It follows that (N |A∪Bc , N) ∈ ModBc

A (P ), as claimed. Since N is not a
model of Q, (N |A∪Bc , N) /∈ ModBc

A (Q).
Let us assume that ∀Y ∃Xϕ is true. First, observe that ModBc

A (Q) ⊆ ModBc

A (P ).
Indeed, let (M, N) ∈ ModBc

A (Q). It follows that N is a model of Q and, consequently,
of P . From our earlier comments, it follows that TQ(N) = TP (N). Since N\TQ(N) ⊆
A, N \ TP (N) ⊆ A. Thus, N ∈ ModA(P ). Moreover, if M |Bc = N |Bc then N \
TQ(N) ⊆ M and, consequently, N \ TP (N) ⊆ M . Thus, the requirement (5) for
(M, N) ∈ ModBc

A (P ) holds. The condition M ⊆ N |A∪Bc is evident (it holds as
(M, N) ∈ ModBc

A (Q)). Since N is a model of Q, N = N ′ ∪ V , where N ′ is a model
of type 1 and V ⊆ At \ B. Thus, every model Z ⊂ N of P is also a model of Q.
It implies that the requirements (3) and (4) for (M, N) ∈ ModBc

A (P ) hold. Hence,
(M, N) ∈ ModBc

A (P ) and, consequently, ModBc

A (Q) ⊆ ModBc

A (P ).
We will now use the assumption that ∀Y ∃Xϕ is true to prove the converse inclusion.

To this end, let us consider (M, N) ∈ ModBc

A (P ). If N = N ′ ∪V , where N ′ is of type
1 and V ⊆ At \ B, then arguing as above, one can show that (M, N) ∈ ModBc

A (Q).
Therefore, let us assume that N = N ′∪V , where N ′ is of type 2 and V ⊆ At \B. More
specifically, let N ′ = I ∪ (Y \ I)′ ∪ X ∪ X ′. By our assumption, there is J ⊆ X such
that I∪J |= ϕ. That is, Z = I∪(Y \I)′∪J ∪(X \J)′ is a model of P . Clearly, Z ⊂ N .
Moreover, since Z, N ⊆ B, we have Z|A∪Bc = N |A∪Bc . Since (M, N) ∈ ModBc

A (P ),
the requirement (3) implies that Z is not a model of P , a contradiction. Hence, the latter
case is impossible and ModBc

A (P ) ⊆ ModBc

A (Q) follows.
We proved that ∀Y ∃Xϕ is true if and only if ModBc

A (P ) = ModBc

A (Q). This com-
pletes the proof of the assertion. �

Theorem 8. The problem SUPPMINd,c(A, B) is coNP-hard.

Proof: Consider a CNF ϕ over atoms Y , and the programs P (ϕ) and Q = {f ←; ← f}
from the proof of Theorem 5. We use P for P (ϕ) in the following. We already know
that P has a model if and only if ϕ is true. We now show that ModBc

A (P ) 	= ∅ if and
only if ϕ is true. Since ModBc

A (Q) = ∅ holds (as is easily seen), the assertion follows
by Theorem 2.

Let us assume that P has a model. Then P has a model, say M , such that M ⊆ Y ∪
Y ′. We show that (M, M) ∈ ModBc

A (P ). Indeed, since TP (M) = M , M ∈ ModA(P ).
Also, since Y ∪Y ′ ⊆ Bc, M |A∪Bc = M and so, M ⊆ M |A∪Bc . Lastly, M \TP (M) =
∅ ⊆ M . Thus, the conditions (1), (2) and (5) for (M, M) ∈ ModBc

A (P ) hold. Since
M |A∪Bc = M and M |Bc = M , there is no Z ⊂ M such that Z|A∪Bc = M |A∪Bc or
Z|Bc = M |Bc . Thus, also conditions (3) and (4) hold, and ModBc

A (P ) 	= ∅ follows.
Conversely, let ModBc

A (P ) 	= ∅ and let (N, M) ∈ ModBc

A (P ). Then M ∈ ModA(P )
and, in particular, M is a model of P . �
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Combining Theorems 7 and 8 with Theorem 6 yields the following result that fully
determines the complexity of direct-complement problems.

Corollary 2. The problems SUPPMINd,c(A, ·) and SUPPMINd,c(·, ·) are ΠP
2 -complete.

The problems SUPPMINd,c(A, B) and SUPPMINd,c(·, B) are coNP-complete.

This concludes the more detailed discussion on the direct-complement problems. Next,
we just give the corresponding results for the remaining settings we have to study for
suppmin-equivalence, complement-complement and complement-direct problems.

Theorem 9. With A 	= ∅, SUPPMINc,c(A, ·) and SUPPMINc,d(A, B) are ΠP
2 -hard. The

problems SUPPMINc,c(∅, ·) and SUPPMINc,c(A, B) are coNP-hard.

Combining Theorem 9 with Theorem 6 yields the following corollary completing the
picture of the complexity for suppmin-equivalence. The coNP-completeness results for
the complement-direct problems were already proved in [24].

Corollary 3. The problems SUPPMINc,c(·, ·), SUPPMINc,d(·, B) and SUPPMINc,d(·, ·)
are ΠP

2 -complete. For A 	= ∅, also the problems SUPPMINc,c(A, ·), SUPPMINc,d(A, B)
and SUPPMINc,d(A, ·), are ΠP

2 -complete. Moreover, the following problems are coNP-
complete: SUPPMINc,c(∅, ·), SUPPMINc,c(A, B), SUPPMINc,c(·, B), SUPPMINc,d(∅, ·)
and SUPPMINc,d(∅, B).

6 Stable-Equivalence

We turn now to stable-equivalence. Here we also consider direct-direct problems as, in
the case of fixed alphabets, they were not considered in [20].

Upper bounds. The following lemmas mirror the respective results from the previous
section but show some interesting differences.

Lemma 5. The following problems are in the class DP in general5 and in the class Pol
for normal programs: Given a program P , and sets X , Y , A, and B, decide whether (i)
(X, Y ) ∈ SEB

A(P ); (ii) (X, Y ) ∈ SEB
Ac(P ); (iii) (X, Y ) ∈ SEBc

A (P ); (iv) (X, Y ) ∈
SEBc

Ac (P ).

Lemma 6. For every finite sets A, B ⊆ At , the following problem is in the class Pol:
given a program P , and sets X , Y decide whether (X, Y ) ∈ SEBc

Ac (P ).

Hence, polynomial-time model-checking for disjunctive programs is only possible for
the set SEBc

Ac (P ). Compared to Lemma 2, this is due to the more involved condition (4)
for SEBc

Ac (P ). For normal programs the reduct PY is a Horn program, which is essential
for the tractability results in Lemma 5.

The following lemmas hold for both disjunctive and normal programs.

Lemma 7. Let P be a program and A, B ⊆ At . If (X, Y ) ∈ SEB
A(P ) then X ⊆ Y ⊆

At(P ) ∪ A.

5 The class DP consists of all problems expressible as the conjunction of a problem in NP and a
problem in coNP. However, this slight increase of complexity compared to Lemma 1 does not
influence the subsequent ΠP

2 -membership results, since a DP -oracle amounts to an NP-oracle.
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Lemma 8. Let P, Q be programs and A, B ⊆ At . If (X, Y ) ∈ SEB
Ac(P ) \ SEB

Ac(Q)
then there is (X ′, Y ′) ∈ SEB

Ac(P ) \ SEB
Ac(Q) such that Y ′ ⊆ At(P ∪ Q) ∪ A.

We can now use the similar arguments in the previous section to obtain the following
collection of membership results:

Theorem 10. The problem STABLEδ,ε(·, ·), is contained in the class ΠP
2 , for any δ, ε ∈

{c, d}; STABLEc,c(A, B) is contained in the class coNP. The problem STABLEn
δ,ε(·, ·),

is contained in the class coNP for any δ, ε ∈ {c, d}.

Stable-equivalence — lower bounds and exact complexity results. We start with
hardness for normal programs.

Theorem 11. The problem STABLEn
δ,ε(A, B) is coNP-hard for any δ, ε ∈ {c, d}.

Proof sketch: We use the standard reduction of UNSAT, thus let P (ϕ) and Q be as in
the proof of Theorem 5. It can be shown that P (ϕ) has a stable model iff ϕ is satisfiable.
Moreover, P (ϕ) ∪ R has no stable model (for arbitrary R) iff ϕ is not satisfiable. On
the other hand, Q ∪ R has no stable model, for any R. Thus P is stable equivalent to Q
relative to C iff ϕ is unsatisfiable, where HB(∅, ∅) ⊆ C ⊆ HB(At ,At), and thus where
C is an arbitrary class. Hence, the result holds in particular for the desired classes. �

We now turn to the case of disjunctive programs. We note that coNP-hardness for
STABLEc,c(A, B) follows immediately from the previous result. The remaining hard-
ness results can be shown by suitable adaptations of the reductions used in [17].

Theorem 12. The following problems are hard for the class ΠP
2 : STABLEd,d(A, B),

STABLEc,d(A, B), STABLEd,c(A, B), STABLEc,c(A, ·), and STABLEc,c(·, B).

Combining Theorems 11 and 12 with Theorem 10 yields the following corollary for the
complete picture of the complexity for stable-equivalence.

Corollary 4. The following problems are ΠP
2 -complete for any combination of δ, ε ∈

{c, d}: STABLEδ,ε(·, ·), STABLEδ,ε(A, ·), STABLEδ,ε(·, B). As well, STABLEd,d(A, B),
STABLEc,d(A, B) and STABLEd,c(A, B) are ΠP

2 -complete, while STABLEc,c(A, B) is
coNP-complete. The problem STABLEn

δ,ε(α, β) is coNP-complete, for any combination
of δ, ε ∈ {c, d}, α ∈ {A, ·}, β ∈ {B, ·}.

7 Discussion

We studied the complexity of deciding relativized hyperequivalence of programs under
the semantics of stable, supported and supported minimal models. We focused on prob-
lems SEMδ,ε(α, β), where at least one of δ and ε equals c, that is, at least one of the
alphabets for the context problems is determined as the complement of the correspond-
ing set A or B. As we noted, such problems arise naturally in the context of modular
design of logic programs, yet they have received essentially no attention so far.

Table 1 summarizes the results. It shows that the problems concerning supp-equiva-
lence (no normality restriction), and stable-equivalence for normal programs are all
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Table 1. Complexity of SEMδ,ε(α, β); all entries are completeness results

δ ε α β SUPP SUPPMIN STABLE STABLEn

d c · coNP ΠP
2 ΠP

2 coNP
d c B coNP coNP ΠP

2 coNP
c c · or A �= ∅ · coNP ΠP

2 ΠP
2 coNP

c c ∅ · coNP coNP ΠP
2 coNP

c c · B coNP coNP ΠP
2 coNP

c c A B coNP coNP coNP coNP
c d · or A �= ∅ coNP ΠP

2 ΠP
2 coNP

c d ∅ coNP coNP ΠP
2 coNP

coNP-complete (as are the corresponding direct-direct problems, studied in [24] and
here). The situation is more diversified for suppmin-equivalence and stable-equivalence
(no normality restriction) with some problems being coNP- and others ΠP

2 -complete.
For suppmin-equivalence lower complexity requires that B be a part of problem
specification, or that A be a part of problem specification and be set to ∅. For stable-
equivalence, the lower complexity only holds for the complement-complement prob-
lem with both A and B fixed as part of the problem specification. We also note that
the complexity of problems for stable-equivalence is always at least that for suppmin-
equivalence. Furthermore, our complexity results suggest possible algorithms for test-
ing the equivalence notions under consideration. One such approach is to reduce the
given characterizations to quantified Boolean formulas (QBFs) along the lines of previ-
ous work, e.g. [22], and then use extant solvers for QBFs to decide equivalence.

There are several questions worthy of further investigations. For instance, while
stable-equivalence when only parts of models are compared was studied [21,22], no
similar results are available for supp- and suppmin-equivalence. Also the complexity
of the corresponding complement-direct, direct-complement and complement-comple-
ment problems for the three semantics in that setting has yet to be established.
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